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Integrated Structural Tailoring and Control Using Adaptive
Materials for Advanced Aircraft Wings

L. Librescu,* L. Meirovitch, and O. Song#
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061

This study combines structural tailoring with the adaptive capabilities of piezoelectric materials for the purpose
of controlling the vibration and static aeroelastic characteristics of advanced aircraft wings. The structural
model consists of a thin/thick-walled closed cross-sectional cantilevered beam whose constituent layers exhibit
elastic anisotropic properties and incorporates a number of nonclassical features. Results reveal that a com-
bination of structural tailoring and control using adaptive materials can play a major role in enhancing the
vibrational and static aeroelastic response characteristics of aircraft wings.

I. Introduction

ECAUSE of their outstanding properties, such as high

strength/stiffness to weight ratios, fiber-reinforced lam-
inated thick/thin-walled structures are likely to play an in-
creasing role in the design of advanced aircraft wings. In
addition, a number of elastic couplings resulting from an-
isotropy and the ply-angle sequence of composite material
structures can be exploited so as to enhance the response
characteristics. In this regard, within the last two decades, a
technique referred to as structural tailoring has been used
with spectacular results.! It should be noted, however, that
structural tailoring is a passive design technique. This implies
that the structure cannot respond adaptively to changes in its
parameters or external stimuli. To overcome this shortcom-
ing, additional capabilities must be built into the structure.
This is particularly true in view of the fact that future gen-
erations of flight vehicles are likely to operate under increas-
ingly severe conditions.

An approach showing good promise is based upon the in-
corporation into the structure of materials featuring sensing
and actuating capabilities.?~> Piezoelectric materials are ex-
cellent candidates for the role of sensors and actuators. In
contrast to passive structures, in which the vibrational and
aeroelastic response characteristics are predetermined, in
adaptive structures these characteristics can be altered in a
known and predictable manner. These adaptive capabilities
can be used to prevent structural resonance and/or any other
type of instability, as well as to improve the static and dynamic
response of the structure.

In this article, the task of enhancing the static aeroelastic
response and free vibration characteristics of aircraft wing-
type structures made of advanced composite materials is ac-
complished through the synergistic combination of structural
tailoring and adaptive materials technology. The structure
simulating the aircraft wing consists of a thin/thick-walled
closed cross-sectional cantilevered beam whose constituent
layers feature elastic anisotropic properties. The control ca-
pability is achieved by electrically actuating piezoelectric ele-
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ments via the converse piezoelectric effect. The induced lo-
calized strain field produces a change in the dynamic char-
acteristics of the structure.

The global constitutive equations of wing structures made
of advanced composite materials and incorporating adaptive
capabilities are first derived. These adaptive capabilities are
provided by piezoelectric layers bonded or embedded into the
structure and serving both as sensors and actuators. Then,
based on related work,® the equations of motion and the
associated boundary conditions for composite adaptive struc-
tures are derived. Feedback control laws relating the applied
electric field to the mechanical response characteristics of the
structure are implemented, thus obtaining desired response
characteristics. The obtained results underline the fact that
the simultaneous implementation of tailoring and adaptive
materials technology can enhance the static aeroelastic re-
sponse and dynamic characteristics of flight vehicle structures
significantly.

1I. Structural Model

A structural model consisting of a thin-walled beam of ar-
bitrary cross section intended to simulate the lifting surface
of advanced flight vehicles is used. Two systems of coordi-
nates, namely s, z, n and x, y, z, are used to describe the
kinematics of thin-walled beams, as shown in Fig. 1, with the
z axis coinciding with the locus of symmetrical points of the
cross sections along the wingspan. The theory of thin-walled
beams used herein incorporates the following nonclassical fea-
tures: 1) anisotropy of constituent material layers, 2) trans-
verse shear and 3) primary and secondary warping effects. In
the light of 2, the structural model applies not only to thin-
walled beams, but also to thick-walled beams. The theory is
based also on the in-plane cross-sectional nondeformability
assumption.”?

Consistent with the previous statements, the components
of the displacement vector are expressed as

ux, y, z, 1) = uyz, ) — yd(z, 1) (1a)
v(x, y,z,8) = vy(z, ) + x¢(z, 1) (1b)

w(x, y, z,8) = wy(z, 1) + 6.z, Hy(s) + nm]
+ 0,(z, Hlx(s) + nl] — ¢'(z, D[F.(s) + na(s)] (lc)

where ! = cos(n, x) and m =
cosines. In addition

0z, 1)
0z, =

cos(n, y) denote the direction

I

(22)
(2b)

Y2, 1) = vi(z, )

YXZ(Z7 t) - u(/)(z’ t)
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W,(z)

#z)

Fig. 2 Displacement field and coordinate systems.

where 6.(z, 1) and 6,(z, f) denote the rotations about axes x
and y, respectively, whereas 7,. and v,, denote the transverse
shear strains in the planes yz and xz, respectively. Based on
Egs. (1), the axial strain component reduces to

S.(n,s,z,0) = S,.(s, 2, ) + nS.(s, z, ) (3)

where

S.(s, 2,0 = wifz, ) + 0;(2, Hx(s) + 6.(z, Hy(s)
- ¢'(z, OF {s) (4a)
S.0s, 2,0 = duz, D + 0z, hm — ¢'(z, Ha(s)  (4b)

are the axial strains associated with the primary and secondary
warping, respectively, in which primes denote derivatives with

respect to z. The membrane and transverse shear strain com-
ponents can be expressed in the form

(s, 2,0 = 8,05, 2, 1) + 2AIBYP (2, 1) ®)

S.(s, 2,0 = [0,(z, 1) + uglz, O + [0z, ) + vi(z, )]m
(62)

respectively, where

Si(s, 2, 0) = =[0(z, 1) + ui(z, D)m + [0z, 1) + viz, D)
(6b)

In the previous equations, uy(z, 1), vz, 1), and wy(z, f) rep-
resent rigid-body translations in the x, y, and z directions,
and ¢(z, f) represents the twist about the z axis (see Fig. 2).
Moreover, & = h(s) denotes the wall thickness, allowed to
vary in the circumferential direction, A is the cross-sectional
area bounded by the contour midline, 8 is the total length of
the contour midline, and ¢ is the time. In addition, F,(s)
denotes the warping function defined as®-*

R = [ 1ne) - vl as ™
where
§
—=ds
b e ®
——ds
)

is the torsional function, in which $(-) ds denotes the integral
along the closed midline contour, and r,(s) and a are geo-
metric quantities defined as

r(s) = x(s)l + y(s)m, a=xm — yl )
When the structure exhibits infinite rigidities in transverse
shear, 8,(z, ) » —u(z, t) and 6,(z, £) = —vi(z, ©).

HI. Constitutive Equations for Adaptive Wings

As recently demonstrated,>>!*!! controls by means of pi-
ezoelectric devices can enhance significantly the response
characteristics of structures. Piezoelectric materials, inte-
grated into the load-bearing structure by means of surface
bonding or embedding, serve as networks of actuator/sensor
systems.

The linear three-dimensional piezoelectric constitutive
equations can be expressed in contracted index notation'?

o, = CES, — ¢, F,; (10a)
D, = ¢,S; + g}k, (10b)
where o, and S, (i, j = 1, 2, ..., 6) denote the stress and

strain components, respectively, in which

s — {S,,, for p=r,

) =28, for ptr, j=456 U

Moreover, CE, e, and &}, are the elastic (measured under
constant electric field), piezoelectric, and dielectric constants
(measured under constant strain), whereas E, and D, (k =
1, 2, 3) denote the electric field intensity and electric dis-
placement vector, respectively. Summation over repeated in-
dices is implied in Egs. (10). Equations (10a) and (10b) de-
scribe the converse and direct piezoelectric effects, respectively.
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In piezoelectric adaptive structures, the direct effect is used
for sensing and the converse effect is used to generate control
forces. Equations (10) are valid for the most general aniso-
tropic case, i.e., for triclinic crystals. In the following, the
piezoelectric anisotropy is restricted to the case of hexagonal
symmetry, the n axis being an axis of rotary symmetry co-
inciding with the direction of polarization‘? (thickness polar-
ization). In this case, the piezoelectric continuum is charac-
terized by a reduced number of elastic, piezoelectric, and
dielectric coefficients. We also assume that the electric field
vector E, is defined by the component E; only, E, = E, = 0,
and that the electric field intensity E; is uniform over the cross
section of the beam. Because of the fact that the voltage is
distributed uniformly, we assume that in the static case E; is
constant, whereas in the dynamic case it depends on time
alone. The piezoelectric actuators are distributed over the
entire span and their distribution in the circumferential and
transversal directions is defined by

R(n) = H[n — ny_\)] — H{n — ng.)) (12a)
Rs) = Hls— su-)) = H[s— Su)) (12b)

in which H denotes the Heaviside unit step function. It is
assumed that the host structure consists of r layers exhibiting
general-type orthotropy and the actuators consist of p pie-
zoelectric layers exhibiting hexagonal symmetry.

Before we derive the one-dimensional global constitutive
equations for adaptive wing structures, it will prove conve-
nient to derive the two-dimensional counterparts. Integrating
the actual three-dimensional constitutive equations over the
wall thickness and assuming that the hoop stress-resultant N,
is negligibly small when compared with the remaining stresses,
one obtains the two-dimensional constitutive equations

Szz
N:: — Kll KIZ Kl'% 14 Ssz _ le’z (13)
No| T Ko Ko Ky Ku | 0
Szz
Nzn = A44Szn (14)
S_:zz
L.. — K4I K4” Kfﬂ K44 Ssz _ L{zlz (15)
L, Ks K, Ks; Ksy fb/ 0
S‘zz

where N.. and N, denote tangential stress resultants, N,,
denote the transverse shear stress resultant, and L., and L,
denote the stress couples, all quantities depending on s, z,
and r. Moreover, K;; denote the modified local stiffness coef-
ficients listed in the Appendix, and N¢, and L¢, denote the
piezoelectrically induced-stress resultant and stress couple,
respectively, expressed as

A P
Ne(s, 1) = <1 - A—”) kEI EPO[nur, — nu-)leSOR(s)
11 =
(16a)

P
Le(s, ) = kZ] E,(zk)(t)R(k)(s)[n(w) - ”(k*)]e(;;)
1 B
X {E [y + Ru—] — A_llzl} (16b)

where, in the case of symmetrically located piezoactuators,
the underscored term vanishes.

IV. Equations of Motion for Adaptive
Wing Structures

From Ref. 6, the one-dimensional stress-resultants and stress
couples are given by

Tz 1) = § N, ds (172)

0z.1) = (~Num + Nhyds  (17b)
0,20 1) = § (Nl + Nym) ds (a70)
MG =$ON 4 Lmds (170)
Mz, 1) = fﬁ(xNx + L.l ds (17¢)
M) = N2 (170
Bz 0 = $ RGN, + aLdds  (1Tg)

where T. is the axial force, Q, and Q, are shear forces, and
M., M., and M. are the bending and twist moments, while
B, is a bimoment global quantity. In view of Egs. (13) and
(15), the one-dimensional stress measures 7., M,, M_, and
B,, can be cast in the more convenient form '

. =1 - 1. (18a)
M, =M, — M, (18b)
M, = M, — M, (18¢)
B, =B, — B, (18d)

where single and double overcarets identify purely mechanical
and piezoelectrically induced terms, respectively.

For reasons that will become evident later, we display the
expression of M, only

A P
M, = %kzl E¥ngsy = ne-leSPRu(s)

A B
1 — =23 _ —12
. [y ( A11> mAu:I ds

1 P
+ 54; {m kzl EPn? . - nfki)]eg’;’R(k)(s)} ds (19)

It is noticed that the piezoelectrically induced stress resultants
are proportional to the applied electric current E;. In the case
of actuators placed symmetrically throughout the thickness of
the beam, the underlined term in Eq. (19) vanishes.

One reason for employing advanced composite materials
in flight vehicle design lies in the fact that they permit the use
of specific lay-up and fiber orientations so as to induce pre-
ferred elastic couplings enhancing the response characteris-
tics. As studies on vibration and subcritical/critical aeroelastic
behavior of wing structures reveal,!-*-!* the bending-twist cou-
pling plays a major role. Additional beneficial effects of this
cross coupling have been discussed recently in Ref. 15. In the
case of wing structures modeled as thin-walled beams, the
ply-angle configuration inducing such an elastic coupling is
referred to in Ref. 16 as the circumferentially antisymmetric
stiffness configuration and in Ref. 17 as the symmetric con-
figuration. The associated ply-angle distribution is governed
by the law (see Fig. 3)

o(y) = —6(~y) (20)
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Fig. 3 Circumferentially antisymmetric stiffness configuration, 6(y)
= —0(~y).

The resulting equations for adaptive wing structures char-
acterized by the previously mentioned ply-angle configuration
are

— g™+ anb — as(vy + 67) + and” + m,
= (b4 + bs)d’ - (bm + blx)('i)” (213)
ass(vy + 07) + asd” + Py = b, (21b)
ap0; + ayd" — ass(vo + 0,) — as,d” = (by + bl4)éx
(21c)

Moreover, the boundary conditions at z = 0 are

¢ =20 (22a)
¢ =0 (22b)
vo =0 (22¢)
6,.=0 (22d)
and at z = L they are
=" + anb; + and’ — as(ve + 8))
= ~ (b + bid’ (23a)
agd” + ag(vy + 8) = (23b)
ass(vi + 8,) + asdp” = 0 (23¢)
an0) + and’ = M, (23d)

The coefficients appearing in Eqs. (21) and (23) represent
stiffness and mass quantities and are given in the Appendix.
The existence of two bending—twist stiffness coupling terms,
namely, a,, = a,; and a5, = a5, should be noted. The latter
is induced by the warping restraint effect and its influence is,
in general, somewhat less important than that of the former.
Their variation with the ply-angle is presented in Fig. 16 of
Ref. 6. The singly and doubly dashed underlined terms in
Egs. (21-23) are associated with the warping restraint and
warping inertia, respectively. Because the piezoactuators are
distributed over the entire wingspan, derivatives with respect

to z of piezoelectrically induced terms in Eqs. (21) vanish.
This explains why their contribution does not appear in the
equations of motion; it appears only as a nonhomogeneous
term in the boundary conditions. It should be noticed that
M _ is different from zero only if external voltages of opposite
signs are applied in the outer and bottom piezoactuator layer
(out-of-phase voltage's).

It should be observed here that for the free vibration prob-
lem the transverse load p, and the twisting moment m_ must
be ignored in Eqs. (21), and for the static aeroelastic problem
the inertia terms must be omitted from Eqgs. (21) and (23).
Consistent with strip-theory aerodynamics, the unsteady lift
force p, and torsional aerodynamic moment m1_, both per unit
span, can be expressed as

py(z) = qnca()(¢0 + ¢ — vytan A) — NW/2L (24&)

m(z) = q,cae(d, + ¢ — v{tan A)
+ q,Crae — NWA2L (24b)

Here, g, = 1pU? denotes the dynamic pressure normal to the
leading edge of the swept wing, c is the chord of the wing, a,
is the “corrected lift” curve slope coefficient, A is the angle
of sweep (considered positive for sweptback), e is the offset
between the aerodynamic and reference axis, ¢, is the rigid
angle of attack (measured in planes normal to the leading
edge), Cyac is the wing section pitching moment coefficient
(whose influence, as usual, is disregarded), W/2L is the weight
per unit length of wing, and N is the load factor normal to
the wing surface, whose expression is

2 1
N = % L (bo + & — vitan A)dz (25

The static aeroelastic response is analyzed both in the sub-
critical range, i.e., for velocities g, < (g,.)», and in the critical
case as well, where (q,),, denotes the divergence dynamic
pressure. As a general remark, Eqs. (24) reveal that for A <
0, i.e., for swept-forward wings, the aeroelastic bending-twist
coupling results in an increase in p (z) and m_(z), which in
turn results in a deterioration of the subcritical static aero-
elastic response and in a dramatic decrease of the divergence
speed. Whereas the goal of the subcritical static aeroelastic
analysis consists of the determination of the distribution of
the effective angle of attack ¢, and of the lift force, as af-
fected by the elastic deformations, the study of the critical
case involves the determination of divergence instability con-
ditions. Clearly, the main target of tailoring applied to swept-
forward wings is to yield a decrease in the effective angle of
attack, and implicitly in the aeroelastic lift and, as a result,
an increase in the critical divergence speed. Whereas the study
of the subcritical static acroelastic response requires the so-
lution of the integral-differential system of equations ob-
tained by inserting Eqgs. (24) and (25) into Eqgs. (21), the
determination of the divergence speed leads to the solution
of an eigenvalue problem, where the divergence speed plays
the role of eigenvalue. Structural tailoring applied to the vi-
bration of wing structures must result in an increase in the
eigenfrequencies without weight penalties. The determination
of natural frequencies requires the solution of an eigenvalue
problem. "

In spite of the mathematical complexities involved in the
solution of the previously mentioned problems, in which the
eigenvalue appears both in the differential equations and in
the boundary conditions, the computational methodologies
used proved to be extremely powerful. The spatial Laplace
transform method yields exact solutions,*'* but it is computa-
tionally laborious. On the other hand, the extended Galerkin
method yields approximate solutions in excellent agreement
with the exact ones and with significantly less computational
effort.?”
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Fig. 4 First normalized coupled eigenfrequency (@, = w,/wy) vs the ply angle for the uncontrolled and controlied wing (CL1).
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Fig. 5 Three normalized coupled eigenfrequencies (@; = w/w,) for various ply angles and for nonactivated (IE,, = '0) and activated wing (CL2),

(wy = 44 rad’s).

V. Control Law and the Closed-Loop Eigenvalues

For feedback control, the applied electric field E;, which
is proportional to the piezoelectrically induced moment, de-
pends on the wing response. Two simple control laws are
being considered. The first control law, denoted by CL1,
requires that the applied electric field E; be proportional to
the bending moment M,(0) at the wing root, which implies
that

E, = Go.(0) (26)
Upon considering the boundary condition [the last part of Eq.

(23)] as well as Eq. (19b), the control law given by Eq. (26)
can be rewritten as

0.(L) + fs¢'(L) — k,0.(0) =0 (27)
where f, = as,/as; and k, denotes the feedback gain, a non-

dimensional quantity. This control law expresses the fact that
the bending moment at the wingtip induced by piezoelectric

]. T L T v T L ] T T
0.8 g
b 4
r k =-0.5
0.6 P 4
P =0
v b kP
° b kp=0.5 1
0.4 <
0.2F -
0 ' N 1 I '} s L 1 '
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 9.9 1
7

Fig. 6 First normalized mode for the nonactivated (k, = 0) and
activated wing (6 = 0 deg, CL1).
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Fig. 7 First normalized mode for several values of the feedback gain (0 = 0 deg, CL2).
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strain actuation is proportional to the mechanical bending
moment at the wing root. This control law was used in Refs.
21-23. The second control law, denoted by CL2, requires
that the applied electric field E; be proportional to the vertical
deflection of the beam tip v,(L). This results in the condition

0:(L) + fi¢'(L)

Equation (28) expresses the fact that the piezoelectrically in-
duced boundary moment control at the wingtip, is propor-
tional to the transverse deflection at the wingtip. Control law
(28) is similar to the one proposed and used in Refs. 21, 4,
and 24. Tt should be noted that the feedback gain k, can be
nondimensionalized by writing k, = k,L2

= k,vo(L) (28)

VI. Numerical Examples
The equations derived here are general, in the sense that
they are valid for a beam of arbitrary cross section, as well
as for piezoelectric actuators arbitrarily located throughout
the wall thickness and along the circumference of the beam.
However, in the present case a biconvex profile, typical of

supersonic wing airplanes, is adopted. It is assumed that the
piezoceramic actuators used here are mounted symmetrically
on the upper and bottom surfaces of the wing. The host struc-
ture is assumed to be of a graphite/epoxy material whose
elastic characteristics are

E, =30 x 10°psi, E; = 0.75 x 106 psi

G,y = 037 x 105psi,  Gyr = 0.45 x 10° psi

Mrr = iy = 025, p = 143 x 10-% Ibs%in.*

where the subscripts L and T denote directions parallel and
transversal to the fibers, respectively. The geometrical wing
characteristics are displayed in Fig. 1, and the properties of
the piezoelectric actuators, made of PZT-4 ceramic, are given
in Ref. 25.

The associated differential eigenvalue problem has been
discretized in space by the extended Galerkin method.?” The
obtained results were checked by means of an exact solution
methodology based on a spatial Laplace transform!#2¢ and
the agreement was found to be excellent.
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Structural tailoring and adaptive material technology are
applied simultaneously to enhance the vibrational character-
istics of wing structures. Results are displayed in Figs. 4 and
Fig. 5 for the control laws CL1 and CL2, respectively. It
should be mentioned that, for # # 0 and 8 # 90 deg, the
bending—twist coupling causes the control to be somewhat
weaker in places where the twist is very strong. On the other
hand, for 8 = 0 and 90 deg, where the bending decouples,
the control becomes very effective. As a rule, the frequencies
were normalized with respect to the ones corresponding to
the uncontrolled case k, = 0 and to on-axes ply angle con-
figuration 6 = 0. The trend in the eigenfrequencies using CL2
agrees fully with one obtained theoretically and verified ex-
perimentally in Ref. 24. As can be concluded from Fig. 5,
the first eigenfrequency changes gradually with the ply angle
from one corresponding to a pure bending mode (labeled as
B) at # = 0 to a coupled bending—twist mode for 0 < ¢ <
90 deg and to a pure bending mode for 6 = 90 deg. On the
other hand, the second eigenfrequency changes from a pure
bending mode at § = 0 to a pure twist mode (labeled as T')
for 8 = 90 deg, and the third eigenfrequency changes from
pure twist for 8 = 0 to pure bending for 6 = 90 deg.

Plots of the closed-loop first mode obtained via CL1 and
CL?2 are shown in Figs. 6 and 7, respectively. It clearly appears
that the original uncontrolled modes differ considerably from
the controlled modes. However, for the higher modes, the
control via CL2 appears to be less efficient as compared with
CL1. In Figs. 8a and 8b and 9a and 9b, the reduced divergence
speed parameter (q,ca,), is displayed as a function of 6 for
various values of the feedback gain using CL1 and CL2 for
the cases of a straight wing A = 0, and a swept-forward wing
A = —30deg. As readily seen, the use of both tailoring and
adaptive material control with negative and positive feedback
gains using CL1 and CL2, respectively, results in a significant
increase in the divergence speed. Figures 9a and 9b reveal,
moreover, that in the region where the bending—twist cross
coupling attains a maximum value, i.e., around 6 = 65 deg,
a strong increase in the divergence speed is experienced with
the increase of the feedback gain. Beyond that specific value
of 6, and irrespective of the values of the feedback gain, the
divergence speed follows closely the variation of the uncon-
trolled wing, where tailoring attains maximum efficiency. In
Figs. 10a and 10b and 11a and 11b, the normalized effective
angle of attack ¢ /¢, using CL1 and CL2, in conjunction

b)

Fig. 10 Distribution of the effective normalized angle of attack along the wing span for a) various feedback gains (A = —15 deg, 0 = 45 deg,
Gaigne = 2 psi, CL1) and b) three sweep angles (k, = 0.25, 8 = 45 deg, 135 deg, gn;pn = 2 psi, CL1).
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Fig. 11 Distribution of the effective normalized angle of attack along the wingspan for a) various feedback gains (A = —15 deg, 6 = 45 deg,
Gnignn = 2 psi, CL2) and b) three sweep angles (k, = 1, gp;z, = 2 psi, CL2).

with various control gains, is displayed. The results reveal
that strong attenuations of aeroelastic loads are experienced
for both k, < 0 and k, > 0 as compared to the uncontrolled
wing (k, = 0). As Fig. 11 reveals, as the magnitude of the
feedback gain increases, the attenuation becomes more and
more pronounced.

The results demonstrate that the use of both tailoring and
adaptive control techniques can yield dramatic improvements
in the dynamic and static aeroelastic characteristics of aircraft
wings.

VII. Summary and Conclusions

A comprehensive structural model of aircraft wing modeled
as a thin/thick-walled beam of arbitrary closed cross section,
incorporating adaptive capabilities via the converse piezo-
electric effect was developed. The anisotropic wing model
incorporates a number of nonclassical features characteristic
of advanced wing structures. It is demonstrated here that the

synergistic effect resulting from the simultaneous use of tai-
loring of anisotropic composite materials, through the imple-
mentation of a proper ply-angle configuration and control by
means of adaptive materials, produces a wing with better
dynamic and static aeroelastic characteristics than would have
been produced with either tailoring or control alone. Incor-
poration of both technologies can provide an expanded per-
formance envelope of flight vehicles, without weight penal-
ties.

Appendix: Stiffness Coefficients
The modified local stiffness coefficients are

(A1)

(A2)
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A,
Ky = 2K, = (A3)
B
ALB,
Ky, =By - Z 2= Ky (A4)
11
AZ
Ky = Ay — =2 AS
2 “ " A (A5)
A,
K., = 2K,, E (A6)
A,B
K., = B, — 'A"—'Z =K, (A7)
11
A(‘
Km = 2K24 E (AS)
BZ
Ky = D,, — =2 A9
4 2 g (A9)
B, A
K5 = By ‘;‘ = (A10)
11
B, A
K., = B, — —&1¢ All
s2 " A (A11)
A,
Ks; = 2K5, E (A12)
BB
Ke = D, — ‘A-—‘“ (A13)
11

where A;, B;, and D; denote, respectively, the stretching,
bending-stretching, and bending stiffness quantities associ-
ated with the entire structure. The structure consists of » host
and p piezoelectric layers, for a total N = r + r.

The global stiffness and mass coefficients have the form

ay = § Kn ds (A14)
Q, = a4 = — mem ds (A15)
ay = é(lﬁl + 2xK,J + K l?) ds (A16)

3y = 3g(1(“y2 + 2yK,,;m + K,m?) ds (A17)

Ay = dq3 = %(YKL% + K,m) ds (A18)
Ay = é (Kpom? + Aul?) ds (A19)
ass = é; (Kpl? + Aym?) ds (A20)

so = Qgs = _§ (F,K:l + Kyal) ds (A21)
dg, = é(K”Fi + 2K ,Fa + K,o?) ds (A22)

A,
ayy = 35 25 K ds (A23)

(b, by, bs, b)) = #; my(1, ¥y, x2, F2)ds  (A24)

(b bis ) = o, o) ds (A25)

where
N [hw
(my, m,) = kEI . Puy(1, n?) dn (A26)
=1 YR
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